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�Á�mµ2013c 10� 26FþÌ 9:00� 11:30  �Á/ªµ4ò�Á

ë��Y

�!W�K (�K� 10�K§z�K 3©§� 30©)

1. �¼ê f(x) = ex
2

, f [ϕ(x)] = 1− x§�ϕ(x) > 0§Kϕ(x) =
√

ln(1− x) "

2. �¼ê f(x) =











ex − 1, x < 0

x+ a, 0 6 x < 1

1 + b sin(x− 1), x > 1

3:x = 0, x = 1?��§Këê a� b�

Ú a+ b = 1 "

3. � f(x) = ex
2

sinx4§Kp��ê f (2013)(0) = 0 "

4. ò¼ê f(x) = ex3«m [0, x] (x > 0)þA^.�KF½n� ex − 1 = xeθx (0 < θ < 1)§

K4� lim
x→0

θ =
1

2
"

5. �¼ê f(x)´���K�ëY¼ê§�÷v�§ f(x)f(−x) = 1, x ∈ (−∞, +∞)§K½

È©

∫ π

2

−π

2

cos x

1 + f(x)
dx = 1 "

6. �­È© I =

∫∫

x2+y26a2

(4− 5 sinx+ 3y)dxdy = 4πa2 "

7. ¦�?ê

+∞
∑

n=1

sin
(√

n2 + 1− n
)

π

nx
Âñ�x�����´ x > 0 "

8. e�§Φ(x, y, z) = 0�±(½Û¼êx = x(y, z), y = y(x, z), z = z(x, y)§@o¦

È
∂x

∂y
· ∂y
∂z

· ∂z
∂x

= −1 "

9. �©�§Ð�¯Kxy
(

1+x2
)dy

dx
= 1+y2, y(1) = 0�)´

(

1 + x2
)(

1 + y2
)

= 2x2 "

10. ®�df(x, y) =
(

x2 + 2xy − y2
)

dx+
(

x2 − 2xy + y2
)

dy§K

f(x, y) =
1

3
x3 + x2y − xy2 +

1

3
y3 + C "

1 1� (� 8�)
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�!(�K 8©)Á¦4� lim
x→∞

x2
(

arctan
a

x
− arctan

a

x+ 1

)

"

){�µ¦^.�KF¥�½nµ

arctan
a

x
− arctan

a

x+ 1
=

1

1 + ξ2

(

a

x
− a

x+ 1

)

Ù¥ ξ0u
a

x
�

a

x+ 1
�m"Ïd§�x → ∞�§ ξ → 0"l
k

�4� = lim
x→∞

x2 · 1

1 + ξ2
· a

x(x+ 1)
= a

){�µ¦^â7�{Kµ

�4� = lim
x→∞

arctan
a

x
− arctan

a

x+ 1
1

x2

= lim
x→∞

− a

x2

1 +
(a

x

)2 −
− a

(x+ 1)2

1 +
( a

x+ 1

)2

− 2

x3

= lim
x→∞

a

(x+ 1)2 + a2
− a

x2 + a2

− 2

x3

= lim
x→∞

ax3

2
· 2x+ 1
(

x2 + a2
)[

(x+ 1)2 + a2
]

= a

1 2� (� 8�)
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n!(�K 10©)��»� r���,^�� ℓ��§�:�O§L�þ��:P ��� ℓ�
R�§Rv�Q"Á¦d:P !Q9�:O¤�¤�n�/���¡È"

)µ±�:O��:§�� ℓ�x¶ïáXã¤«�
�IX§d����§�

x2 + (y − r)2 = r2

�P :��I� (x, y)§K△POQ�¡È�xy/2"
�âé¡5§�I?Ø:P  um��þ=�"du

x =
√

2ry − y2, 0 6 y 6 2r

u´§△POQ�¡È�L� y�¼ê f(y)§�k

f(y) =
y
√

2ry − y2

2
=

1

2

√

2ry3 − y4, 0 6 y 6 2r

y¦ëY¼ê f(y)34«m [0, 2r]þ����"d

f ′(y) =
6ry2 − 4y3

4
√

2ry3 − y4
= 0

��7: y = 3r/2"qÏ f(0) = f(2r) = 0§¤±¼
ê f(y)3«m [0, 2r]þ�����

f(3r/2) =
3
√
3

8
r2

b

b

b

b

r

x

y

O Q

P

1 3� (� 8�)
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o!(�K 10©)Á¦¼ê f(x, y) = xy ln
(

x2 + y2
)

, x, y > 0�4�"

)µk¦¼ê f(x, y)��� �ê§��















∂f

∂x
= y ln

(

x2 + y2
)

+
2x2y

x2 + y2

∂f

∂y
= x ln

(

x2 + y2
)

+
2xy2

x2 + y2

,�-
∂f

∂x
=

∂f

∂y
= 0�)�x = y =

1√
2e
"2¦¼ê f(x, y)�n��� �ê§��











































∂
2f

∂x2
=

2xy

x2 + y2
+

4xy3
(

x2 + y2
)2

∂
2f

∂x∂y
= ln

(

x2 + y2
)

+ 2− 4x2y2
(

x2 + y2
)2

∂
2f

∂y2
=

2xy

x2 + y2
+

4x3y
(

x2 + y2
)2

5¿�










































A =
∂
2f

∂x2

∣

∣

∣

∣

x=y=1/
√
2e

= 2

B =
∂
2f

∂x∂y

∣

∣

∣

∣

x=y=1/
√
2e

= 0

C =
∂
2f

∂y2

∣

∣

∣

∣

x=y=1/
√
2e

= 2

¿�k

D = AC −B2 = 2 · 2− 0 = 4 > 0

�¼ê f(x, y)3:

(

1√
2e

,
1√
2e

)

?��4��§�4���

min
x, y>0

f(x, y) = f

(

1√
2e

,
1√
2e

)

= − 1

2e

1 4� (� 8�)
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+∞
∑

n=1

xn

(1 + x)
(

1 + x2
)

· · ·
(

1 + xn
)�Âñ5§Ù¥x > 0"

)µÄk-

an(x) =
xn

(1 + x)
(

1 + x2
)

· · ·
(

1 + xn
)

5¿�

an(x) =

(

1 + xn
)

− 1

(1 + x)
(

1 + x2
)

· · ·
(

1 + xn
)

=
1

(1 + x)
(

1 + x2
)

· · ·
(

1 + xn−1
) − 1

(1 + x)
(

1 + x2
)

· · ·
(

1 + xn
)

´�?ê�cn�Ü©ÚSn(x)�

Sn(x) = 1− 1

(1 + x)
(

1 + x2
)

· · ·
(

1 + xn
)

�âþª§�x > 1�§k
lim

n→+∞
Sn(x) = 1

?êÂñ¶�x = 1�§k

lim
n→+∞

Sn(x) = lim
n→+∞

(

1− 1

2n

)

= 1

?êÂñ¶
� 0 < x < 1�§|^Ø�ª et > 1 + t, t > 0��

(1 + x)
(

1 + x2
)

· · ·
(

1 + xn
)

< ex+x2+···+xn

< e
x

1−x

Ïd4� lim
n→+∞

(1 + x)
(

1 + x2
)

· · ·
(

1 + xn
)

�3����§�4� lim
n→+∞

Sn(x)�½�3§Ïd

?êÂñ"nþ¤ã§�?êÂñ"

1 5� (� 8�)
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8!(�K 10©)�D´d y = x2 (0 6 x 6 1), y = −x2 (−1 6 x 6 0), y = 1±9x = −1¤

�¤�²¡«�§Á¦�­È©

∫∫

D

x
[

1 + ln
(

y +
√

1 + y2
)

sin
(

x2 + y2
)

]

dxdy"

)µÚ\Xã¤«�9Ï�ò«�D©�ü�«�µ

D1 :

{

−x2 6 y 6 x2

−1 6 x 6 0
, D2 :

{

−√
y 6 x 6

√
y

0 6 y 6 1

5¿��È¼ê

f(x, y) = x
[

1 + ln
(

y +
√

1 + y2
)

sin
(

x2 + y2
)

]

Q´'ux�Û¼ê§�´'u y�Û¼ê§�«�

x

y

y = x2

y = −x2

1

−1

D1

D2

D1ÚD2©O'ux¶Ú y¶é¡§¤±k

∫∫

D

x
[

1 + ln
(

y +
√

1 + y2
)

sin
(

x2 + y2
)

]

dxdy

=

∫∫

D

xdxdy =

∫∫

D1

xdxdy +

∫∫

D2

xdxdy

=

∫∫

D1

xdxdy = 2

∫ 0

−1

(

∫ x2

0
xdy

)

dx

= 2

∫ 0

−1
x3dx = −1

2

1 6� (� 8�)
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Ô!(�K 8©)�¼ê f(x)34«m [a, b]þkëY��¼ê§� f(a) = 0§Áy²µ

∫ b

a

∣

∣f(x)f ′(x)
∣

∣dx 6
b− a

2

∫ b

a
[f ′(x)]2dx

y²µ5¿� f(a) = 0§Kk

∫ b

a

∣

∣f(x)f ′(x)
∣

∣dx =

∫ b

a

∣

∣

∣

∣

∫ x

a
f ′(t)dt

∣

∣

∣

∣

∣

∣f ′(x)
∣

∣dx

=

∫ b

a

∣

∣

∣

∣

∫ x

a
f ′(t)dt

∣

∣

∣

∣

d

∫ x

a

∣

∣f ′(t)
∣

∣dt

6

∫ b

a

[
∫ x

a

∣

∣f ′(t)
∣

∣dt

]

d

[
∫ x

a

∣

∣f ′(t)
∣

∣dt

]

=
1

2

[
∫ x

a

∣

∣f ′(t)
∣

∣dt

]2∣
∣

∣

∣

b

a

=
1

2

[
∫ b

a
1 ·
∣

∣f ′(t)
∣

∣dt

]2

6
1

2

∫ b

a
12dt ·

∫ b

a

∣

∣f ′(t)
∣

∣

2
dt (SchwarzØ�ª)

=
b− a

2

∫ b

a
[f ′(x)]2dx

1 7� (� 8�)
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l!(�K 12©)� f(x)3 [0, 1]þ�g��§� |f(x)| 6 a, |f ′′(x)| 6 b§K

∣

∣f ′(x)
∣

∣ 6 2a+
b

2
, x ∈ [0, 1]

y²µé∀x ∈ (0, 1)§d�Vúª��

f(0) = f(x) + (0− x)f ′(x) +
(0− x)2

2
f ′′(ξ1), ξ1 ∈ (0, x)

f(1) = f(x) + (1− x)f ′(x) +
(1− x)2

2
f ′′(ξ2), ξ2 ∈ (x, 1)

üª�~��

f ′(x) = f(1)− f(0) +
x2

2
f ′′(ξ1)−

(1− x)2

2
f ′′(ξ2)

ü>�ýé���

∣

∣f ′(x)
∣

∣ 6 |f(1)|+ |f(0)|+ x2

2

∣

∣f ′′(ξ1)
∣

∣+
(1− x)2

2

∣

∣f ′′(ξ2)
∣

∣

6 2a+

[

x2

2
+

(1− x)2

2

]

b

6 2a+
b

2

e¡y²
∣

∣f ′(0)
∣

∣ 6 2a+
b

2
,
∣

∣f ′(1)
∣

∣ 6 2a+
b

2

ò f(x)3:x = 0?��VÐm§��

f(x) = f(0) + xf ′(0) +
x2

2
f ′′(η), η ∈ (0, x)

,�3þª¥-x = 1��

f ′(0) = f(1)− f(0)− 1

2
f ′′(η), η ∈ (0, x)

þªü>�ýé�§¿|^¤�^�=�

∣

∣f ′(0)
∣

∣ 6 2a+
b

2

Ø�ª |f ′(1)| 6 2a+
b

2
�y²´��aq�§d?lÑ"

1 8� (� 8�)


